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Creating Time-Optimal Commands with Practical Constraints

Timothy D. Tuttle and Warren P. Seering
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

In applications that demand rapid response, time-optimal control techniques are often enlisted. Recently, a new
technique has been presented for deriving time-optimal command pro� les by solving a set of algebraic constraint
equations. This time-optimal solution framework is shown to be easily extendable to derive commands satisfying
a variety of practical constraints, particularly constraints on command length and sensitivity to modeling errors.

I. Introduction

M ANY high-performance applications require that machines
and processes respond rapidly to changing system demands.

In circumstances like these, carefully re� ned hardware and sophis-
ticated feedback control are often employed. To gain an additional
measure of performance, time-optimal control techniques can also
be enlisted to create command pro� les that maximize the speed
of system response. These time-optimal commands can be highly
valuable for many time-critical applications, but in some situations
may introduce undesirable side effects such as poor robustness to
model uncertainty, heavy operating loads, or excessive fuel usage.
To address this issue, new strategies can be formulated to create
time-ef� cient command pro� les that satisfy a variety of practical
performance constraints.

This paper presents new techniques for deriving command pro-
� les thatdeliver rapid systemresponsewhile satisfyingpracticalop-
erating speci� cations. Underlying this approach is a recently devel-
oped solutionmethodologyforderivingtime-optimalcommandsfor
any type of linear, time-invariant (LTI), single-input/single-output
(SISO) system. By augmenting this time-optimal solution frame-
work with additional constraints, it will be illustrated that practical,
time-ef� cient commands can be derived readily. An overview of
previous work is followed by a brief description of the three-step
procedurefor deriving time-optimal command pro� les. To illustrate
how this technique can be extended to create commands with more
desirable properties, strategies will be presented for deriving com-
mands with 1) shorter lengthand 2) improvedrobustnessto dynamic
uncertainty.A simple exampleand experimentalresultswill be used
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to illustrate the effectivenessof this approachfor derivingpractical,
time-ef� cient commands.

II. Background
The time-optimal control problem has been the subject of inves-

tigation for over 40 years. Although the problem statement itself
can take many different forms, it is fundamentally concerned with
the fastest way to transition a system from one state to another. For
the case of LTI, SISO systems, the problem, as shown in Fig. 1, can
be stated as follows: For a given LTI, SISO system G.s/, what is
the input command u.t/ that will transition the system output y.t/
from one speci� ed rest state to another in the shortest possible time
subject to the actuator constraints:

umin < u.t/ < umax

Because of the fundamental importance of this problem state-
ment, many researchers have investigated strategies for deriving
time-optimal commands. Much of this research has resulted from
Pontryagin’s original investigation of the problem and formula-
tion of the minimum principle.1 In this original work, Pontryagin
et al.1 outline a set of necessary and suf� cient conditions that the
time-optimal control of an LTI system must satisfy. Stemming from
the powerful insightsof the minimumprinciple,the bang–bangprin-
ciple further postulates that the time-optimal command for an LTI,
SISO systemmust saturate the system actuators from the initial time
of the command until the time that the system reaches its desired � -
nal state. Based on this result, the time-optimal command pro� le for
an LTI, SISO system must take one of two forms. For systems that
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Fig. 1 Time-optimal control problem.

Fig. 2 Typical time-optimal command pro� les.

have no zeros, the time-optimal command pro� le, such as the one
shown in Fig. 2a, consists of a sequenceof pulses,or pulse train.For
systems that have zeros as well as poles, the pulse train is followed
by a tail that is a linear combinationof the initial conditionresponse
of components at the system zeros, as shown in Fig. 2b (Ref. 2).

Using the guidelines provided by the minimum principle, much
research performed in the past 40 years has focused on developing
algorithms for deriving time-optimal commands. In their literature
surveyofwork in this area,ScrivenerandThompson3 discussa num-
ber of different iterativeand optimization techniquesused to extract
solutions from the conditions in the minimum principle. Although
many of these techniquesare generalenoughto apply to many kinds
of linear and nonlinear systems, they are numerically intensive and
often impractical for systems of modest complexity. More recently,
mostly due to work in the area of � exible structure control, several
researchershaveproposedmorepracticalstrategiesfor � nding time-
optimal commands for certain types of linear systems. Speci� cally,
by identifyingcommand symmetry propertiesand establishingcon-
straints on system vibration, several researchers4¡7 have shown that
time-optimal commands for systems with � exibility can be derived
by solving a set of algebraic equations.

Although time-optimal commands represent the fastest way to
transitiona systemfromonestate to another,they can sometimesun-
dermine performancein other areas. For example, in some systems,
time-optimal commands may lead to poor robustness to modeling
uncertainty, damaging vibration during a maneuver, or excessive
fuel usage. As a more practical approach for effecting rapid system
response, several researchers have developed techniques for deriv-
ing time-ef� cient command pro� les with more desirableproperties.
Speci� cally, several researchers8¡10 have proposed methods for in-
corporatingrobustnessconstraintsinto the time-optimalformulation
to create robust, time-optimal commands for systems with � exible
modes. The resultingcommand pro� les still displayeda bang–bang
shape, but included additional switches and a longer overall time
to better tolerate systems with dynamic uncertainty. Following a
similar approach, researchers11¡13 have also explored ways to in-
corporate fuel-usage constraints to create time-ef� cient command
pro� les with better fuel-usagecharacteristics.Last, researchers14;15

have also investigatedtechniquesfor adding smoothnessconstraints
to typicaltime-optimalbang–bangpro� les.The resultingnear-time-
optimal commands, althoughno longerexhibitinga bang–bangpro-
� le, excited less structural vibration upon implementation.

As this overviewof past work indicates, strategiesexist for deriv-
ing both time-optimal and more practical time-ef� cient commands
for systems with � exible modes. In other recent work, Tuttle16 has
outlined a new approach for deriving time-optimal commands for
systems with any type of linear dynamics, not just system � exibil-

ity. An overview of this approach will be presented in Sec. III of
this paper. Unlike other solution methodologies, this technique can
be applied with complete generality to all kinds of SISO, LTI sys-
tems while remaining both numerically practical and conceptually
simple. Furthermore, because this approach rests on an expandable
framework of constraint equations,additionalconstraintscan be in-
corporated easily into the solution framework to enhance system
performance in a variety of areas. Sections IV and V of this paper
illustrate two such strategies for incorporating additional practical
constraints into the time-optimal problem to derive time-ef� cient
commands with more desirable properties.

III. Creating Time-Optimal Commands
This section outlines a general three-step procedure that can be

used to derive time-optimalcommand pro� les for linear systems. In
the � rst step of this procedure, the bang–bang principle is used to
bound the solution space of the problem in terms of a small number
of variables that characterize permissible time-optimal command
pro� les. In the second step of this approach, the constraints imposed
by the time-optimal control problem are expressed explicitly and
algebraically in terms of these command variables. Following from
these two steps, the third and � nal step of the solution procedure is
to search for the time-optimal values of the command parameters
that satisfy all of the required constraints. Each of these steps will
be described in detail, and a more thorough treatment of this subject
can be found by Tuttle.16

Step 1: Select a Candidate Command Pro� le
As outlined in the precedingsection, time-optimalcommands for

systems with both poles and zeros, such as the one shown in Fig. 3,
are composedof a pulse train with a � nite number of discontinuities
followed by a tail made up of a sum of exponential terms. Given
this commandconstruction,an analyticexpressionfor the command
pro� le can be written as

u.t/ D
n

j D 0

a j 1.t ¡ t j / C
r

j D 1

c j e
z j .t ¡ tn /1.t ¡ tn/ (1)

where 1.t/ is the unit step command and

n = total number of switches, excluding the � rst
r = number of system zeros
a j = amplitude of the j th step in the pulse train
t j = j th switch time of the pulse train
c j = real or complex coef� cient of the j th term

in the command tail
z j = real or complex value of the j th system zero
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Fig. 3 Time-optimal command pro� le.

Using this notation, the Laplace transform of the candidate time-
optimal command can be expressed as

U .s/ D 1
s

n

j D 0

a j e
¡st j C e¡stn

r

j D 1

c j

s ¡ z j

(2)

Step 2: Impose the Problem Constraints
As de� ned in the problem statement, the time-optimal control

problemimposes threedistinctconstraints.The � rst requires that the
system begin and end at a rest state, the second insists that the
boundary conditions be satis� ed, and the third necessitates that
the command never exceed the system actuator limits. This section
will outline the governing equations for each of these fundamental
constraints.

The � rst constraint, called the dynamics cancellation constraint,
ensures that any system dynamics excited by a command are elimi-
natedby the time the system reaches its � nal rest state. By enforcing
theconditionthat theLaplacetransformof thecommandpro� le have
exactly one zero at the locations of each system pole, the following
expression can be formulated:

n

j D 0

a j t
qi ¡ 1
j e¡st j C e¡stn

r

j D 1

c j t
.qi ¡ 1/
n C

qi

k D 1

.¯qi .k//

£
c j z j

.s ¡ z j /k
t .qi ¡ k/
n

s D pi

D 0 (3)

for i D 1; 2; : : : ; m , where pi is the i th system pole and m is the
total number of system poles. To properly constrain the search for a
time-optimalcommandpro� le, this expressionmust be evaluatedfor
every system pole pi , includingreal, complex,and rigid-bodypoles.
For eachnonrepeatedpole in a given system, this expressionmust be
evaluated once with qi D 1. For each repeated pole of multiplicity
qT , this expressionmust be evaluated qT times, once for every qi D
1; 2; : : : ; qT . For real and rigid-bodypoles, this expressionwill yield
a single,real-valuedconstraint.For complexpolepairs,this equation
will yield the identical result for each complex-conjugatepole. This
result, however, will have a complex value, and its corresponding
real and imaginaryparts must both be set to zero to properlyenforce
the constraint. In Eq. (3), the variable ¯qi represents a function that
determines the value of the coef� cient for the appropriate term in
the equation. This function can be calculated recursively using the
formula

¯1.k/ D
1; for k D 1

0; for k 6D 1 (4)

¯qi .k/ D ¯qi ¡ 1.k/ C .k ¡ 1/ ¢ ¯qi ¡ 1.k ¡ 1/

Because of its algebraic,or more speci� cally trigonometric,nature,
the dynamics cancellation constraint is computationally simple, al-
beit notationally complex. Fortunately, as outlined by Tuttle,16 the
general expression in Eq. (3) can also be expressed using a con-
cise matrix notation or signi� cantly simpli� ed for certain classes of
systems.

The second set of equations that must be established to con� ne
the solutionspaceof the time-optimalcontrolproblemis the bound-
ary condition constraint. Speci� cally, two boundary conditions are
required. The � rst sets the initial time of the optimal command to
zero and is trivial to implement:

t0 D 0 (5)

The second boundarycondition,which requires that the system out-
put changeby the desiredamount dy, can be formulatedby invoking
the � nal value theorem. Although the details of this derivation are
not included here, by expressing the system transfer function as

G.s/ D
N .s/

srbp D.s/
(6)

the second boundary condition can be written in the form

dy D lim
s ! 0

³
N .s/

D.s/

´
¢

.rbp/

u.t/ dt

t D 1

(7)

where N .s/ and D.s/ are the numeratorand denominatorof the sys-
tem transfer function with any rigid-body dynamics removed and
superscript rbp is the number of rigid-body poles in the system. In
otherwords, the secondboundaryconditionconstraint,as expressed
in Eq. (7), states that the value dy must equal the rbp-th integral of
the time-optimal command pro� le evaluated at t D 1 multiplied
by the steady-state gain of the transfer function with all rigid-body
dynamics removed. As an alternative to evaluating the integral in
Eq. (7) numerically,Tuttle16 has derived a set of closed-form, alge-
braic equations that require very little computationaleffort.

The third and � nal constraintrequiredto bound the solutionspace
of the time-optimal control problem is the actuator limit constraint.
This conditionensures that the inputcommandpro� le never exceeds
the speci� ed system actuator limits. For the case of a time-optimal
command pro� le that contains no tail, the actuator limits are en-
forced by properly selecting the pulse train amplitudes to meet, but
not exceed, the given actuator limits. When a tail is required in
the optimal command pro� le, the actuator limit constraint can be
imposed by enforcing the equation

umin · u tail.t/ · umax (8)

where umin and umax are the given system actuator limits and u tail is
the pro� le of the command tail, which can be expressed as

u tail.t/ D
r

j D 1

c j e
z j .t ¡ tn /1.t ¡ tn/ (9)

Step 3: Solve and Verify
The equations derived in step 2 constitute the minimum set of

constraints required to determine the solution for a time-optimal
command pro� le. In some cases, for very simple systems, these
equations can be solved analytically. However, in most cases, the
constraintequationsare toocomplexto succumbto analyticsolution
and must be solved using an optimization algorithm. As outlined
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in Fig. 4, the basic procedure for � nding time-optimal commands
begins by setting the values of the command amplitudesa j from the
given actuator limits and taking an initial guess for the command
switch times t j . A constrained optimization algorithm, such as the
one in the MATLAB Optimization Toolbox, can then be used to
search for the shortest set of switch times that satisfy Eqs. (3–5) and
(7–9). From the result, Eq. (1) can be used to calculate the pro� le
of the time-optimal command. By using the conditions outlined
in Pontryagin’s minimum principle, a veri� cation scheme can be
constructed to ensure that the solution procedure never returns a
result that is not time optimal.17;18 Because the governingconstraint
equationsin this approachare algebraic, solutionsfor many systems
can be reached quickly and reliably, requiring only a few seconds
of computation on a typical desktop workstation.

The solution approach presented outlines a straightforward and
effective procedure for identifying the command pro� les that will
produce the fastest possible response in a given system. In many
time-critical applications, the optimal commands that result from
this methodology can be highly valuable for maximizing system
performance. However, in other systems that do not require such
rapid response, time-optimal command pro� les may result in such
undesirable side effects as unwanted residual vibration, excessive
fuel usage,or heavyoperatingloads.Fortunately,due to the inherent
expandability of the solution approach, additional constraints can
be incorporated easily into the solution framework to derive com-
mands with more practical properties. These commands, although
not strictly time optimal, can deliver time-ef� cient system behavior
while accommodatingother importantsystem performancemetrics.
The following two sectionswill consider two typesof time-ef� cient
commands, namely, commands with limited tail length and com-

Fig. 4 Solution algorithm.

Fig. 5 Simple spring–mass system.

mands with improved robustness to dynamicuncertainty.It is hoped
that, throughtheseexamples,thecapabilityof this solutionapproach
for deriving commands satisfying a variety of practical constraints
will become clear.

IV. Designing Commands with a Limited Tail Length
Time-optimal command pro� les for systems that are modeled

with both numerator and denominatordynamics will containa pulse
train followed by a tail. The tail of the command excites the system
at the frequency of the system zeros while keeping the system out-
put at rest at its desired � nal value. This extra degree of � exibility
in the solution space of the time-optimal command pro� le allows
for shorter command lengths that improve the system’s speed of
response. However, in many applications, it is undesirable to have
a tail that drives a system after the output has reached its desired
� nal value. For example, in a system where the frequencies of the
zeros are not known exactly, this tail will cause problematicresidual
vibration in the system output. To avoid this situation, it is impor-
tant to have a command derivation scheme that allows the length
of the command tail to be modi� ed to meet the speci� ed operating
requirements.This section presents an approach that can be used to
this end as well as a demonstration of its performance on a simple
system.

As a necessary condition for ensuring that the system output re-
mains at rest at its � nal value, the only allowable pro� le for the tail
of a time-optimal command is a linear combination of the initial
condition response at the components of the system zeros, that is,

u tail.t/ D
r

j D 1

c j e
z j .t ¡ tn /1.t ¡ tn/ (10)

for t ¸ tn . Given the modeled values of the system zeros z j , this
equation indicates that the only way to limit the time length of the
tail is to limit the value of the coef� cients c j . One possibleapproach
for imposing this constraint is to place a limit on the amount of time
it takes for a command tail to settle within a speci� ed envelope.
For example, if it is desired to have the tail settle to within 5% of
the actuator limits ulim , by a time t f seconds after tn , the following
equation can be enforced:

r

j D 1

c j e
¡³ j !nj t f · 0:05u lim (11)

where ¡³ j !n j is the real component of the system zero z j . This
equation constrains the sum of the envelopes that bound the time
response of the tail components to settle within a given level in a
speci� ed amount of time. Because this constraint equation is ex-
pressed algebraically in terms of the command parametersc j , it can
be easily incorporated into the solution framework outlined earlier
in Sec. III. Speci� cally, by appending Eq. (11) to the other problem
constraints that ensure time optimality, namely, the dynamics can-
cellation, boundary conditions, and actuator limit constraints, the
general solutionprocedurecan be used to create time-ef� cient com-
mands with a tail length tailored to the speci� c application at hand.

To illustrate this approach, consider the simple spring–mass sys-
tem in Fig. 5. This system consists of two masses with one � exible
mode, one real mode, and one rigid-body mode. The transfer func-
tion from the speci� ed force input to the position output also has a
pair of complex zeros. This system might be a good descriptor of
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any vehicle or automated machine with a � exible appendage. The
transfer function G.s/ for this system can be written as

X .s/

F.s/
D

m2s2 C b2s C k

s m1m2s3 C .m1b2 C m2b1 C m2b2/s2 C .m1k C m2k C b1b2/s C kb1

(12)

For the purposes of this example, the following values will be used
for the system parameters: m1 D 1 kg, m2 D 2 kg, b1 D 1 N/(m/s),
b2 D 0:8 N/(m/s), and k D 2 N/m. Furthermore, for the problem
speci� cations, it will be assumed that the actuator limits are Fmax D
1 N and Fmin D ¡1 N and that the desired output motion of m1 is
0.5 m. The pole-zeroplot for this system is shown in Fig. 5, and the
values of the system poles and zeros are summarized in Table 1.

Figure 6 shows some of the command solutions that were derived
using this tail-length constraint for the same spring–mass system in
Fig. 5. In particular, Fig. 6 compares the time-optimal command,
in the � rst plot, to three other commands with differing tail lengths.
In the second plot, the tail amplitude was constrained to settle to
within 5% of the actuator limits in 12 s. As this command pro� le and
the resulting system response illustrate, a command with a smaller
tail can be created at the expenseof lengtheningthe system response

Fig. 6 Time-optimal and time-ef� cient commands with varying tail lengths.

time. Additionally, this command also contains two more switches
than the time-optimal pro� le. Because the presence of zeros in a

system can reduce the number of switches required in the time-
optimal command, when the in� uence of these zeros is lessened
by reducing the tail length, it is not surprising to see the number
of command switches increase. The third plot in Fig. 6 shows the

Table 1 Summary of the dynamics of simple spring–mass system

Parameters Values

Rigid-body pole s D 0
Real pole s D ¡0:37; time constant, tc D 2:73 s
Complex poles s D ¡0:92 § 1:37i ; frequency D 0:26 Hz

damping ratio D 0:56
Complex zeros s D ¡0:20 § 0:98i ; frequency D 0:16 Hz

damping ratio D 0:20
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command pro� le that resulted from a 6-s time limit on the length
of the tail. As expected, this command has a tail of lower amplitude
and length but a longer pulse train. In the last plot in Fig. 6, the tail
coef� cients were constrained to be zero. The resulting command
pro� le corresponds to the time-optimal control for an equivalent
system with the zeros removed. This last result illustrates that if
a command with no tail is desired, a designer can take a given
system model, remove the zeros while keeping the same steady-
state gain and use the earlier solution procedure from Sec. III to
derive a time-optimal command pro� le. The resulting time-optimal
command for the augmented system will be the shortest possible
command that can deliver the actual system from its initial to its
� nal value without the presence of a tail.

V. Designing Commands with Enhanced Robustness
If the dynamic behavior of a given system could be captured ex-

actly in a linear model, the time-optimal command for the system
would transition the system output from its initial value to its � nal
value and keep it there. However, in the face of model discrep-
ancies, the time-optimal command will always result in a system
response that contains some nonzero amount of residual response
around the desired system output value. To minimize the impact
of model de� ciencies on system performance, command pro� les
can be designed to be robust to uncertainties in the system dy-
namics. The resulting command pro� les, while delivering slower
system response than time-optimal commands, will excite lower
levels of residual response or vibration in the presence of modeling
errors.

Before a strategy can be presented for enhancing command ro-
bustness,a methodfor evaluatingtheamountof robustnessin a given
command needs to be outlined. One such method for characterizing
the in� uence of dynamic uncertainties on system performance is
to construct a set of robustness plots. Figure 7 shows some typical
robustnessplots for a given command and linear system model. For
these plots, the system residual response amplitude is plotted vs
variations in the location of a system pole or zero. Given an input
command pro� le, one of these plots can be constructed for every
nonzero pole and zero in the system assuming all other system dy-
namics are exact. Traditionally, the residual response is measured
as the maximum deviation in the system residual from the desired
value as a percentage of the total rigid-body motion of the system
output. This residual percentage is plotted against the variation in
the natural frequency of system pole or zero around its nominal
value. As these plots illustrate, at the point where the system pole
or zero is exactly equal to its modeled value, the residual response
in the system output is zero. As the two plots in Fig. 7 show, a curve
that exhibits a � atter or lower shape around the nominal frequency
value will have better robustness to system uncertainty than one
with a steeper pro� le. Because the curve in each of these plots is
a measure of the sensitivity that the command pro� le shows to dy-
namic variation,these diagrams are often called sensitivityplots. To
construct a sensitivity or robustness curve, a numerical simulation
can be used to determine the residual response amplitude of a sys-
tem for a range of different values for the locations of the poles and
zeros. Additionally,Tuttle16 includes a general analytic solution for
the residual response of a time-optimal command that delivers the
same result with far less computation.

Fig. 7 Typical robustness or sensitivity curves.

Given this tool for characterizing the robustnessof a given com-
mand, this section will propose a method for enhancing command
robustness to dynamic uncertainty. First, a technique for improv-
ing robustness to uncertainties in system poles will be considered
followed by a strategy for improving robustness to uncertainties in
system zeros.

Robustness to Uncertainties in System Poles
Many possible strategies exist for improving the robustness of

time-optimal commands to uncertain system denominator dynam-
ics. All of these strategiesdelivercommandswith an added measure
of robustness at the expense of the system speed of response. In
general, the most desirable robust command is the one that deliv-
ers enhanced robustness while remaining as close to time-optimal
as possible. A traditional approach for balancing this tradeoff is to
constrain the slope of the robustnesscurve. Originally applied to in-
crease robustnessin the input shapingtechnique,19 this approachhas
been adopted by many researchers8;9;20;21 to improve robustness in
time-optimal commands for systems with � exible modes. Although
not time optimal by de� nition, the kinds of command pro� les re-
sulting from this approach represent a special class of solutions
that have an excellent combination of good robustness and short
system response times. These commands are often called robust,
time-optimal commands.

In addition to identifying a useful class of robust, time-optimal
solutions,the approachsuggested in the precedingparagraphis easy
to implement. Speci� cally, these kinds of robust commands can be
derived by following the exact procedure for deriving time-optimal
commands, as outlined in Sec. III, with one additional constraint
equation included for each uncertain system pole. These additional
equationsmust enforce the conditionthat the slopeof the robustness
or sensitivity curve be zero at the location of the nominal system
pole. As noted by Pao and Singhose,21 enforcing this constraint
for a given system pole pi is identical to deriving the time-optimal
command for an equivalent system with an extra pole at s D pi . In
other words, for a system that has a single pole at s D pi , enforcing
the robustness constraint can be achieved simply by deriving the
time-optimal command for a different system that includesa double
pole at s D pi . Given this, the derivation of robust, time-optimal
commands for a given system is as easy as derivingthe time-optimal
command for a similar system that contains an additional pole for
every system mode with a signi� cant degree of uncertainty.

Using the same simple spring–mass system from the preceding
section, as shown in Fig. 5, a time-ef� cient command pro� le was
derived with enhanced robustness at both the real and complex sys-
tem poles. To create this command, the solution procedure from
Sec. III was used to derive a time-optimal command pro� le for an
augmented system containing one additional pole at each of the
complex poles and the nonzero real pole in the system. As shown
by the system time-response and sensitivity plots in Fig. 8, the re-
sulting command, when applied to the original spring–mass sys-
tem, delivers time-ef� cient performance with greater insensitivity
to modeling uncertainties in the system denominator dynamics. By
comparingthe robust, time-optimalcommandand responsein Fig. 8
to the nonrobust, time-optimalcommand pro� le and response in the
� rst plot of Fig. 6, it can be seen that the system response time
is increased by about a factor of three in the robust case. As the
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Fig. 8 Time-optimal command with enhanced robustness to uncertainty in the system poles.

sensitivity curves in Fig. 8 show, however, the robust, time-optimal
command has greatly enhanced robustness to uncertainties in both
the real and complex system poles. Because robustness to uncertain
numerator dynamics was not considered in this solution approach,
the sensitivity curve for the system complex zeros shows little dif-
ference between the robust and nonrobust case.

Robustness to Uncertainties in System Zeros
As discussed in the preceding section, a simple insight about the

nature of time-optimal commands for systems with repeated poles
led to a straightforward and effective approach for improving the
robustness of commands for systems with uncertain denominator
dynamics. In the case of uncertain numerator dynamics, another
simple insight can be used to derive time-ef� cient commands with
enhanced robustness. Speci� cally, as noted by Tuttle16 using an
analytic expression for the residual response of a linear system to
a time-optimal command pro� le, the only strategy for improving
robustness to uncertainties in system zeros is to limit the amplitude
of the tail in the time-optimal command. Fortunately, this can be
done easily using the same approach, as earlier outlined in Sec. IV.

Recalling the four commands of varying tail length shown in
Fig. 6, which were derived for the simple spring–mass system in

Fig. 5, Fig. 9 shows the sensitivity curves for each of these com-
mands. From these curves, it can be seen that, by reducing the tail
lengthof the optimal commandpro� les, the robustnessto uncertain-
ties in system zeros can be enhanced.As the curve for the command
with no tail illustrates, in� nite insensitivity to variations in system
zeros can be achieved if the tail is eliminated altogether.

From this example, it can be seen that, by using the tail-limiting
strategy presented in Sec. IV, the robustness of a command to un-
certain system zeros can be tailored to meet speci� ed performance
requirements. Furthermore, by combining this technique with the
method for improving robustness to uncertain system poles, as de-
scribed earlier, time-ef� cient commands can be created with the
enhanced robustness to any kind of dynamic uncertainty in a given
linear model.

VI. Experimental Results
As a demonstration of the effectivenessof the approach outlined

for deriving time-optimal commands with practical constraints, the
middeck active control experiment (MACE) hardware, as shown
in Fig. 10, was used as an experimental testbed.22 Originally
constructedfor a Space Shuttle � ight experimentlaunchedin March
of 1995, this hardware was designed to be representative of a
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Fig. 9 Sensitivity of the four commands in Fig. 6 to uncertainty in the system zeros.

Fig. 10 MACE hardware.

Fig. 11 MACE gimbal response to a step command.

highly � exible space satellite. Consequently, the structure contains
a lightly damped fundamental bending frequency below 2 Hz and
four dominant � exiblemodes below10 Hz. The MACE testbedcon-
sists of a long � exible beam with a two-axis, scanning payload at
each end. A three-axis reaction wheel assembly rests at the beam
center. To run tests in 1 g, the entire structure is supported by an
active suspension system to simulate zero-gravity conditions. For
each of the experiments conducted on the MACE test article, the
goal was to slew a gimbal payload over an angle of about 1 deg

and bring it to rest as quickly as possible. To accomplish this task,
setpoint commands were sent to the gimbal servo, and the resulting
gimbal pointing angle was measured by a rate gyro. To inform the
design of time-optimal command pro� les, a 156-state linearized � -
nite element model, originally developed for the MACE mission,
was enlisted. This model was used to identify values of the domi-
nant system poles and zeros as well as to simulate the experimental
response.Table 2 summarizes the dominant poles and zeros used to
design the MACE command pro� les.
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The � rst command pro� le evaluated on the MACE testbed struc-
ture was a simple step command. As the results in Fig. 11 show,
when a step command is sent to the gimbal servo to effect the de-
sired change in gimbalangle, a substantialamount of lightlydamped
vibrationis excitedin the MACE structure,whichcorrupts thepoint-
ing accuracy of the gimbal. To remedy this problem while ensuring
rapid system response, a time-optimal command pro� le was then
designedfor the system dynamicssummarized in Table 2. As shown
in Fig. 12, this commandyieldsa systemresponsewith a rise time of
about0.1 s, butdue to the poor robustnessof this commandto model-
ing errors, an undesirableamount of residual vibration still remains
in the systemresponse.To improve this condition,the techniquesfor
enhancing command robustness discussed in Sec. V were enlisted.
Speci� cally, becausethe residual response in Fig. 12 occurs primar-

Table 2 Summary of the MACE dynamics used
to design command pro� les

System Dynamics Values

MACE poles Frequency, Hz 1.55 3.86 4.03 7.43
Damping 0.04 0.22 0.46 0.03

MACE zeros Frequency, Hz 1.60 4.52 7.39 11.8
Damping 0.05 0.14 0.04 0.04

Fig. 12 MACE gimbal response to a time-optimal command.

Fig. 13 MACE gimbal response to a robust, time-optimal command.

ily at the � rst two system modes, a new time-optimal command was
designed with enhanced robustness at these modes. The resulting
command pro� le, as shown in Fig. 13, contains a pulse train with
11 switches and length of about 0.4 s. As desired, the illustratedex-
perimental response to this robust, time-optimal command pro� le
shows little residual vibrationat the end of the command. However,
this improved robustness comes at the expense of an increase in the
system response time by about a factor of four.

VII. Conclusions
A general approach is presented for deriving practical, time-

ef� cient commands for LTI, SISO systems. Building on an ef� cient
solution framework for creating time-optimal commands, strate-
gies are proposed for appending the framework with two types of
additional practical constraints: First, a technique for limiting the
tail length of the command pro� le is considered and, second, a
method for improving the robustness of command pro� les to both
numerator and denominator dynamics is presented. For each case,
a simple system model and experimental results from a complex
mechanical testbed are used to illustrate the effectivenessof this ap-
proach.Throughthese two examples,it is illustratedthat the solution
framework outlined can be extended easily to derive time-ef� cient
command pro� les satisfying a variety of practical constraints.
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